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A modiﬁed Stroh-type formalism for edge waves in unsymmetrical anisotropic plates is derived. Explicit expressions of
the fundamental matrices for the formalism are presented. The existence conditions for one or two subsonic edge waves in
the unsymmetrical anisotropic plates are discussed based on the formalism, and a procedure for ﬁnding an explicit secular
equation for the edge-wave speed is proposed.
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The subject of ﬂexural edge waves in plates has received increasing attention in recent years due to its
potential applications in measurement of material properties and non-destructive evaluation of thin elastic
structures, such as aircraft wings, submarine hulls, and ﬂoating platforms, etc. Comparing with Rayleigh sur-
face waves on elastic half-spaces, which have been widely studied and have been applied in many engineering
areas, the theory of edge waves in plates are still under development, and some in-depth properties are waiting
further understanding.
An edge wave in a thin plate is a traveling wave that propagates along the edge of the plate and decays
exponentially with the distance from the edge. For symmetric thin plates, the existence of the edge waves
was ﬁrst demonstrated by Konenkov (1960) for isotropic materials, and by Norris (1994) for orthotropic
cases. Based on the symmetric plate theories, Thompson et al. (2002) studied the edge waves propagating
along non-principal directions, Zakharov and Becker (2003) extended the studies to anisotropic materials,0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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and Abrahams (2005) studied diﬀraction of ﬂexural waves by cracks in orthotropic thin plates, among others.
In some engineering applications, however, composite laminated structures are required to be modeled as
general unsymmetrical anisotropic thin plates with coupled in-plane and out-of-plane deformations. Due to
coupling eﬀects, the unsymmetrical plate models are more complicated than the symmetric ones. It seems that
the investigation of edge waves in asymmetric anisotropic plates has been reported only by Fu and Brookes
(2006) in open literature. In that work, a Stroh-like formalism for the edge waves was derived. Based on the
formalism, the existence of the edge waves along the free edge of a semi-inﬁnite unsymmetrical anisotropic
thin plate was demonstrated, and a procedure for computing the edge-wave speeds was suggested.
As is known, Stroh formalism based methods have shown some advantages in studying the properties of
Rayleigh surface waves in anisotropic elastic materials (Lothe and Barnett, 1976; Chadwick and Smith,
1977; Barnett and Lothe, 1985; Ting, 1996; Ting and Barnett, 1997; Barnett, 2000). More recently, with the
method proposed by Taziev (1989) and the fundamental material matrices determined in Stroh formalism,
an eﬀective procedure for deriving secular equations of surface waves in general anisotropic materials has also
been established (Ting, 2004a,b; Destrade et al., 2005). For the problems of edge waves in plates, most of the
reported studies were based on the method similar to Lekhniskii method for static plate problems (Lekhnit-
skii, 1968), which lead to an algebraic equation for determining eigenvalues. This approach is eﬀective for
some cases which are not too complicated, such as uncoupled symmetric plates, isotropic or orthotropic mate-
rial properties, etc., but may not be suitable for general cases when in-plane and out-of-plane coupled unsym-
metrical anisotropic plates are involved. Fu (2003) noted the issues and introduced a Stroh-like formalism into
the study of edge waves of symmetric plates. The method was further extended to the case of general unsym-
metrical plates to show the existence of at most two edge waves in the structures (Fu and Brookes, 2006).
In the formalism by Fu and Brookes (2006) for the steady edge waves, the in-plane inertia terms in the
equations of motion were not considered for simplicities. The formulations and fundamental matrices
obtained were also not as compact as expected. In addition, Fu and Brookes (2006) only showed that each
unsymmetrical anisotropic plate can support at most two edge waves, but did not elaborate the conditions
for the existence of either one or two edge waves.
In this paper, the problems of steady edge waves in general anisotropic laminated plates are revisited by
extending the work of Fu and Brookes (2006). An improved Stroh-type formalism is derived by introducing
modiﬁed generalized stress functions and following the procedure described in Lu (2004). It will be demon-
strated that the present formulation will result in similar form of compact and elegant structures and proper-
ties as the Stroh formalism for Rayleigh surface waves (Ting, 1996). The fundamental matrices obtained are
then simpliﬁed, and their elements are expressed explicitly into wave-speed independent and dependent parts.
The conditions for existence for one or two subsonic edge waves in the unsymmetrical anisotropic plate are
discussed based on the formalism. As an application of the formalism and the fundamental matrices obtained,
a method to determine the explicit secular equation for the anisotropic plates is suggested.
2. Basic equations
Consider a Kirchhoﬀ anisotropic laminated plate of thickness h in a Cartesian coordinate system (x1, x2, x3)
with x3 = 0 coinciding with the mid-plane of the plate. The constitutive relations of the anisotropic plate with
bending extension coupling are given by (Jones, 1999)ne
mb
 
¼ Ae Bc
Bc Db
 
e0
j
 
; ð2:1Þwhere ne, mb, e
0 and j are the stress resultant, the bending moment, the strain and the curvature vectors,
respectively, given byne ¼
N 11
N 22
N 21
8><>:
9>=>;; mb ¼
M11
M22
M21
8><>:
9>=>;; e0 ¼
e011
e022
2e021
8><>:
9>=>;; j ¼
j11
j22
2j21
8><>:
9>=>; ð2:2Þ
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of Appendix A.
The strains e0ab and the curvatures jab can be expressed according to the in-plane displacements ua and the
out-of-plane displacement (deﬂection) w ase0ab ¼
1
2
ðua;b þ ub;aÞ; jab ¼ w;ab; ð2:3Þwhere comma followed by a subscript number, a for instance, denotes the partial derivative with respect to xa.
By introducing the slope functions #a deﬁned by#a ¼ w;a; ð2:4Þ
the curvatures in (2.3) can be written as jab = #a,b. In addition, the following compatibility relations associ-
ated with the curvatures jab are given by:j22;1  j12;2 ¼ 0; j11;2  j12;1 ¼ 0 ð2:5Þ
for later use.
In Kirchhoﬀ plate theory, the stress resultants Nab and the bending moments Mab satisfy the equations of
motion given by (Jones, 1999)N ab;b ¼ I0€ua; Mab;ab ¼ I0€w; ð2:6Þ
where I0 ¼
R h=2
h=2 qdx3 is the integral of density across the thickness, and the transversal shearing forces Qa sat-
isfy the relationsQa ¼ Mab;b: ð2:7Þ
For a steady state motion in the x1-direction with a constant speed t, ua = ua(x1  tt,x2) and
w = w(x1  tt,x2). Therefore, we have _ua ¼ tua;1, €ua ¼ t _ua;1, _w ¼ tw;1, and €w ¼ t _w;1. With the relations,
Eq. (2.6) for the steady state motion can be written in the nominal static equilibrium equations asbN ab;b ¼ 0; bM ab;ab ¼ 0; ð2:8Þ
where bN ab and bM ab could be named as the extended stress resultants and bending moments deﬁned bybN ab ¼ N ab  I0t2ua;1db1; bM ab ¼ Mab  I0t2wda1db1 ð2:9Þ
and dab is the Kronecker delta.
For an edge wave propagating in the direction of the x1-axis along the edge of the semi-inﬁnite plate deﬁned
by 1 < x1 <1, 0 6 x2 <1 and h/2 6 x3 6 h/2, the required boundary conditions are deﬁned by the free-
edge conditionsN a2 ¼ 0; M22 ¼ 0; V 2 ¼ Q2 þM12;1 ¼ 0; on x2 ¼ 0 ð2:10Þ
and the decay conditionsua ¼ 0; w ¼ 0; as x2 !1: ð2:11Þ
To obtain a compact form for the general solutions for the problems, the stress resultant functions /a and
the bending moment functions wa are introduced here relating the extended stress resultants, bN ab, and the
extended bending moments, bM ab, which can be deﬁned bybN a1 ¼ /a;2; bN a2 ¼ /a;1 ð2:12Þ
andbM a1 ¼ wa;2  12 ka1wb;b; bM a2 ¼ wa;1  12 ka2wb;b; ð2:13Þ
where kab is the two-dimensional permutation tensor deﬁned by k11 = k22 = 0, and k12 = k21 = 1. It can be
veriﬁed that the functions /a and wa deﬁned in (2.12) and (2.13) satisfy the nominal static equilibrium (2.8).
With some manipulations, the problem can then be converted to the problem of seeking the solutions of /a
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the deﬁnitions for static problems (Hsieh and Hwu, 2003).
3. A Stroh-type formalism
3.1. Rearrangement of constitutive relations
In the derivation of the formalism based on the methods by Lu (2004), mixed-form expressions for the con-
stitutive relations (2.1) are required, which can be written asne ¼ Ae0 þ Bmb; j ¼ BTe0 þDmb; ð3:1Þ
where the superscript T represents the transpose. The matrices A*, B*, and D* in (3.1), and their elements Aij,
Bij, and D

ij are given in (A.2)–(A.5) of Appendix A.
For an edge wave with a steady wave speed t, and decaying exponentially away from the edge, the solutions
for the in-plane displacements ua, the slope functions #a, the stress resultant functions /a, and the bending
moment functions wa take the formua ¼ auaeikz; #a ¼ a#aeikz; /a ¼ b/a eikz; wa ¼ bwa eikz ð3:2aÞ
or in matrix formsu ¼ aueikz; # ¼ a#eikz; / ¼ b/eikz; w ¼ bweikz; ð3:2bÞ
wherez ¼ x1  tt þ lx2 ð3:3Þ
and k is the real wave number, l, aua, a
#
a , b
/
a and b
w
a are the unknowns to be determined from the relations (3.1)
and (2.8)–(2.13). The coeﬃcient vectors in (3.2b) are deﬁned by au ¼ au1; au2½ T, a# ¼ a#1 ; a#2
 T
, b/ ¼
b/1 ; b
/
2
 T
, bw ¼ bw1 ; bw2
 T
. In addition, the solution of the deﬂection w also has the form w = a0e
ikz, in
which a0 is a constant.
Since the stress resultant and bending moment functions are introduced based on the extended stress resul-
tants and bending moments deﬁned in (2.9), the constitutive relations (3.1) can be expressed based on these
vectors for the convenience of derivations. With the relations (2.9) and the relations given above, the stress
resultant vector ne and the bending moment vector mb in (2.2) can be expressed in the extended stress resul-
tants n^e and the extended bending moments m^b asne ¼ n^e þ Xfu1;1; 0; u2;1gT; mb ¼ m^b þ k2Xfu1;1; 0; u2;1gT ð3:4Þ
withn^e ¼ fbN 11; bN 22; bN 21gT; m^b ¼ f bM 11; bM 22; bM 21gT ð3:5Þ
and X deﬁned byX ¼ I0t2: ð3:6Þ
By substituting (3.4) into (3.1) and after some manipulations, we haven^e ¼ Ate0 þ Btm^b  Xfu1;1; 0; u2;1gT;
j ¼ BtTe0 þDtm^b;
ð3:7Þwhere the matrices At = A* + YA**, Bt = B* + YB**, and Dt = D* + YD** with the elements deﬁned byAtij ¼ Aij þ YAij ; Btij ¼ Bij þ YBij ; Dtij ¼ Dij þ YDij ; Y ¼
X
k2  XD11
: ð3:8ÞThe elements Aij, B

ij, and D

ij are given in (A.2)–(A.5) of Appendix A, and the elements A

ij , B

ij , and D

ij are
determined from the matrices A**, B**, and D** deﬁned below
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b1 ¼ fB11;B21;B61gT; d1 ¼ fD11;D12;D16gT:
ð3:9ÞIt is noted that the wave speed dependent matrices At, Bt, and Dt in (3.7) have been expressed as the sum of
the wave speed t independent and dependent parts. It can be seen later that the constitutive relations expressed
in this form are convenient for obtaining explicit and clear expressions of the fundamental matrices of the
formalism.
3.2. Formulation
The values l, aua, a
#
a , b
/
a and b
w
a in the solutions (3.2) can be determined by satisfying the equilibrium (2.8),
the compatibility relations (2.5) and the edge boundary conditions (2.10). For this purpose, we ﬁrst substitute
the solutions of the displacements ua and the bending moment functions wa deﬁned in (3.2) into the constitu-
tive relations (3.7), and then into the equilibrium Eqs. (2.8)1 as well as the compatibility relations (2.5). After
some arrangements, the characteristic equations with respect to l, aua and b
w
a can be written in the matrix nota-
tion asQt11 þ l Rt11 þ Rt
T
11
 	
þ l2Tt11
n o
au þ Qt12 þ l Rt12 þ Rt
T
21
 	
þ l2Tt12
n o
bw ¼ 0;
Qt
T
12 þ l Rt21 þ Rt
T
12
 	
þ l2TtT12
n o
au þ Qt22 þ l Rt22 þ Rt
T
22
 	
þ l2Tt22
n o
bw ¼ 0;
ð3:10Þwhere the wave speed dependent 2 · 2 material property matrices Qtab, R
t
ab and T
t
ab are given byQt11 ¼
At11 A
t
16
At16 A
t
66
 
 X1; Rt11 ¼
At16 A
t
12
At66 A
t
26
 
; Tt11 ¼
At66 A
t
26
At26 A
t
22
 
; Qt12 ¼
1
2
Bt16 B
t
12
1
2
Bt66 B
t
62
" #
;
Rt12 ¼ 
Bt11
1
2
Bt16
Bt61
1
2
Bt66
" #
; Rt21 ¼
1
2
Bt66
1
2
Bt26
Bt62 B
t
22
" #
; Tt12 ¼ 
Bt61
1
2
Bt66
Bt21
1
2
Bt26
" #
;
Qt22 ¼ 
1
4
Dt66
1
2
Dt26
1
2
Dt26 D
t
22
" #
; Rt22 ¼
1
2
Dt16
1
4
Dt66
Dt12
1
2
Dt26
" #
; Tt22 ¼ 
Dt11
1
2
Dt16
1
2
Dt16
1
4
Dt66
" #
;
ð3:11Þin which 1 is the 2 · 2 identity matrix.
On the other hand, by substituting the solutions of ua and wa deﬁned in (3.2) into the constitutive relations
(3.7)1, we obtainbN 12; bN 22n oT ¼ RtT11 þ lTt11 	au þ RtT21 þ lTt12 	bwn oikeikz;
fbN 11; bN 21gT ¼ Qt11 þ lRt11
 au þ Qt12 þ lRt12
 bw ikeikz: ð3:12ÞBy comparing the expressions (3.12) with (2.12), the coeﬃcients b/a of the stress resultant functions deﬁned in
(3.2b)3 can be expressed asRt
T
11 þ lTt11
 	
au þ RtT21 þ lTt12
 	
bw ¼ b/;
Qt11 þ lRt11

 
au þ Qt12 þ lRt12

 
bw ¼ lb/:
ð3:13ÞSimilarly, by substituting the solutions of ua and wa deﬁned in (3.2) into the constitutive relations (3.7)2 and
knowing that jab = #a,b, we have#1;1; #2;1f gT ¼ RtT12 þ lTt
T
12
 	
au þ RtT22 þ lTt22
 	
bw
n o
ikeikz;
f#1;2; #2;2gT ¼  QtT12 þ lRt21
 	
au þ Qt22 þ lRt22

 
bw
n o
ikeikz:
ð3:14ÞThe coeﬃcients a#a of the slope functions in the solution (3.2b)2 can thus be expressed as
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T
12 þ lTt
T
12
 	
au þ RtT22 þ lTt22
 	
bw ¼ a#;
Qt
T
12 þ lRt21
 	
au þ Qt22 þ lRt22

 
bw ¼ la#:
ð3:15ÞBy deﬁning the fourth-order hybrid coeﬃcient vectors ~a and ~b, and the 4 · 4 matrices eQt, eRt and eTt described
by~a ¼ a
u
bw
 
; ~b ¼ b
/
a#
( )
; eQt ¼ Qt11 Qt12
Qt
T
12 Q
t
22
" #
; eRt ¼ Rt11 Rt12
Rt21 R
t
22
 
; eTt ¼ Tt11 Tt12
Tt
T
12 T
t
22
" #
ð3:16Þthe relations (3.13) and (3.15) can be expressed in compact form as~b ¼ eRtT þ leTt 	~a; l~b ¼ eQt þ leRt 	~a ð3:17Þ
and the eigenrelation (3.10) can also be written in compact form aseQt þ l eRt þ eRtT 	þ l2eTth i~a ¼ 0: ð3:18ÞIt is known from (3.2b) that the coeﬃcient vectors au and a# are related to the displacement functions, while
the vectors b/ and bw are related to the stress functions. Therefore, the vectors ~a and ~b deﬁned in (3.16) are not
pure displacement or stress vectors, but the mixed ones. The relation (3.18) is thus a mixed form eigenrelation
of the problem.
By making use of the relations (3.17), the eigenrelation (3.18) can be further written in the standard form aseNt~n ¼ l~n; ð3:19Þ
whereeNt ¼ eNt1 eNt2eNt3 eNtT1
" #
; ~n ¼ ~a~b
 
ð3:20Þand eNt1 ¼ ðeTtÞ1 eRtT ; eNt2 ¼ ðeTtÞ1; eNt3 ¼ eRtðeTtÞ1 eRtT  eQt: ð3:21Þ
The formulations (3.17)–(3.21) are expressed in terms of the mixed-vectors ~a and ~b. Since the free edge bound-
ary conditions (2.10) require the stress function vector being zero along the edge, i.e. u = {/T,wT}T = 0, the
mixed-vectors ~a and ~b based formulations are not suitable for satisfying the edge conditions. By exchanging
certain rows and columns of the equations, the mixed-natural eigenrelation (3.19) can be expressed in displace-
ment form asNtn ¼ ln; ð3:22Þ
wheren ¼ a
b
 
; a ¼ a
u
a#
 
; b ¼ b
/
bw
( )
ð3:23Þand the matrix Nt can be written asNt ¼ N
t
1 N
t
2
Nt3 N
tT
1
" #
: ð3:24ÞIt can be seen that the eigenrelation (3.22) is now expressed in terms of the displacement related vector a and
the stress related vector b deﬁned in (3.23). The relationships between n and ~n, and between Nt and eNt are
given byn ¼ J~n; Nt ¼ JeNtJ; ð3:25Þ
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I2 I1
 
; I1 ¼
1 0
0 0
 
; I2 ¼
0 0
0 1
 
; J ¼ J1 ¼ JT ð3:26Þand 1 is the 2 · 2 identity matrix. The sub-matrices Nt1, N
t
2 and N
t
3 thus can be expressed by
eNt1, eNt2 and eNt3 as
Nt1 ¼ I1 eNt1I1 þ I1 eNt2I2 þ I2 eNt3I1 þ I2ðeNt1ÞTI2;
Nt2 ¼ I1 eNt1I2 þ I1 eNt2I1 þ I2 eNt3I2 þ I2ðeNt1ÞTI1;
Nt3 ¼ I2 eNt1I1 þ I2 eNt2I2 þ I1 eNt3I1 þ I1ðeNt1ÞTI2:
ð3:27ÞThere are eight eigenvalues lk (k = 1,2, . . . , 8) and eight associated vectors from the eigenrelation (3.19) or
(3.22). When t is less than a so-called limiting speed t^ (Ting, 1996; Fu and Brookes, 2006), all eight lk are
generally complex, which appear in four pairs of complex conjugates. If l1, . . . ,l4 are the eigenvalues with
positive imaginary part, the remaining four eigenvalues are their complex conjugates. Assuming that
l1, . . . ,l4 are distinct, the general solution for u, #, /, and w can be written in matrix notation asu ¼ Auheikz iq; # ¼ A#heikz iq; / ¼ B/heikz iq; w ¼ Bwheikz iq; ð3:28Þ
where Au, A#, B/ and Bw are the 2 · 4 eigenvector matrices deﬁned byAu ¼ au1 au2 au3 au4½ ; A# ¼ a#1 a#2 a#3 a#4
 
;
B/ ¼ b/1 b/2 b/3 b/4
 
; Bw ¼ bw1 bw2 bw3 bw4
  ð3:29Þand heikz i is the diagonal matrix deﬁned by
heikz i ¼ diag eikz1 ; eikz2 ; eikz3 ; eikz4 ; zj ¼ x1  tt þ ljx2 ð3:30Þand q is an constant vector to be determined by the boundary conditions.
By deﬁning the fourth-order displacement function vector w, the stress function vector u, and the corre-
sponding 4 · 4 eigenvector matrices A and B asw ¼ u
#
 
; u ¼ /
w
 
; ð3:31ÞandA ¼ a1 a2 a3 a4½  ¼
Au
A#
 
; B ¼ b1 b2 b3 b4½  ¼
B/
Bw
 
; ð3:32Þthe general solutions (3.28) can be expressed by the displacement and stress vectors asw ¼ Aheikz iq; u ¼ Bheikz iq: ð3:33Þ
The formulations (3.19)–(3.33) are basic relations of the Stroh-type formalism for the edge wave problems.
It can be seen that with the present approach the formulations are obtained in compact form by an established
procedure. In the approach reported by Fu and Brookes (2006), some less obvious relations need to be intro-
duced by combining the formulations properly (for example, Eq. (2.32) and the ensuing explanations in Fu
and Brookes, 2006), which may require some extra knowledge and be less straightforward.
The impedance matrix M for the edge waves is deﬁned byM ¼ iBA1; ð3:34Þ
where the matrices A and B are given in (3.32). From (3.33) and (3.34), we haveu ¼ iMw: ð3:35Þ
For an edge wave motion, the required boundary conditions are given in (2.10). It can be veriﬁed from
Appendix B that the free-edge conditions are equivalent to u = 0 on x2 = 0. From (3.33), it givesBq ¼ 0: ð3:36Þ
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This is the secular equation for t. According to (3.34), another secular equation for t is given bydetM ¼ 0: ð3:38Þ4. Explicit expressions of fundamental matrices
It is known from the previous section that the matrices eNt1, eNt2 and eNt3 in (3.21) or Nt1, Nt2 and Nt3 in (3.27)
are the fundamental matrices of the formalism. To better understand their structures and properties, the expli-
cit expressions of the matrices are obtained in this section.
According to (3.11), the basic matrices eQt, eRt and eTt deﬁned in (3.16) are given by
eQt ¼
At11 A
t
16
1
2
Bt16 B
t
12
At16 A
t
66
1
2
Bt66 B
t
62
1
2
Bt16
1
2
Bt66  14Dt66  12Dt26
Bt12 B
t
62  12Dt26 Dt22
2666664
3777775; eRt ¼
At16 A
t
12 Bt11  12Bt16
At66 A
t
26 Bt61  12Bt66
1
2
Bt66
1
2
Bt26
1
2
Dt16
1
4
Dt66
Bt62 B
t
22 D
t
12
1
2
Dt26
2666664
3777775;
eTt ¼
At66 A
t
26 Bt61  12Bt66
At26 A
t
22 Bt21  12Bt26
Bt61 Bt21 Dt11  12Dt16
 1
2
Bt66  12Bt26  12Dt16  14Dt66
2666664
3777775: ð4:1Þ
where the elements Atij, B
t
ij , and D
t
ij are deﬁned in (3.8).
By substituting (4.1)3 into (3.21)2 and after some manipulations, we obtain the matrix eNt2 ¼ ðeTtÞ1
eNt2 ¼ 1Dt
nt11 n
t
12 n
t
13 n
t
14
nt12 n
t
22 n
t
23 n
t
24
nt13 n
t
23 n
t
33 n
t
34
nt14 n
t
24 n
t
34 n
t
44
26664
37775; ð4:2Þwhere the values Dt and ntij are given in (A.6) and (A.7) of Appendix A, and n
t
ij ¼ ntji.
Similarly, the matrix eNt1 ¼ ðeTtÞ1 eRtT is obtained as
eNt1 ¼ 1Dt
rt11 Dt 0 rt14
rt21 0 0 r
t
24
rt31 0 0 r
t
34
rt41 0 D
t rt44
26664
37775; ð4:3Þwhererti1 ¼ ðAt16nti1 þ At12nti2  Bt11nti3  Bt16nti4=2Þ;
rti4 ¼ ðBt62nti1 þ Bt22nti2 þ Dt12nti3 þ Dt26nti4=2Þ;
i ¼ 1; 2; 3; 4: ð4:4ÞThe matrix eNt3 ¼ eRtðeTtÞ1 eRtT  eQt ¼ eRt eNt1  eQt, and its elements are given by
eNt3 ¼
s^t11=D
t  At11 þ X 0 0 s^t14=Dt  Bt12
0 X 0 0
0 0 0 0
s^t41=D
t  Bt12 0 0 s^t44=Dt þ Dt22
26664
37775 ¼ 1Dt
st11 0 0 s
t
14
0 0 0 0
0 0 0 0
st14 0 0 s
t
44
26664
37775þ X I1; ð4:5Þwhere I1 is deﬁned in (3.26)2,
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s^t4a ¼ ðBt62rt1a þ Bt22rt2a þ Dt12rt3a þ Dt26rt4a=2Þ;
a ¼ 1; 4;
st11 ¼ s^t11  At11Dt; st14 ¼ s^t14  Bt12Dt; st44 ¼ s^t44 þ Dt22Dt
ð4:6Þand s^t14 ¼ s^t41, st14 ¼ st41.
It is noted that the elements Dt, ntij, r
t
ij, and s
t
ij are all wave speed dependent. With the relations (3.8) and
(3.9), these values can be further simpliﬁed asDt ¼ ð1þ YD11ÞD; ntij ¼ ð1þ YD11Þnij þ YDdi3dj3;
rtij ¼ ð1þ YD11Þrij; stij ¼ ð1þ YD11Þsij;
ð4:7Þwhere D*, nij, r

ij, and s

ij are wave speed independent values, and are given byD ¼
A22 A

26 B

21 B

26
A26 A

66 B

61 B

66
B21 B61 D11 D16
B26 B66 D16 D66


; ð4:8Þ
n11 ¼
A22 B

21 B

26
B21 D11 D16
B26 D16 D66

; n12 ¼ 
A26 B

21 B

26
B61 D11 D16
B66 D16 D66

; n13 ¼
A22 A

26 B

26
B21 B61 D16
B26 B66 D66

;
n14 ¼ 2
A22 A

26 B

21
B21 B61 D11
B26 B66 D16

; n22 ¼
A66 B

61 B

66
B61 D11 D16
B66 D16 D66

; n23 ¼ 
A26 A

66 B

66
B21 B61 D16
B26 B66 D66

;
n24 ¼ 2
A26 A

66 B

61
B21 B61 D11
B26 B66 D16

; n33 ¼ 
A22 A

26 B

26
A26 A

66 B

66
B26 B66 D66

; n34 ¼ 2
A22 A

26 B

21
A26 A

66 B

61
B26 B66 D16

;
n44 ¼ 4
A22 A

26 B

21
A26 A

66 B

61
B21 B61 D11

; ð4:9Þ
ri1 ¼ ðA16ni1 þ A12ni2  B11ni3  B16ni4=2Þ;
ri4 ¼ ðB62ni1 þ B22ni2 þ D12ni3 þ D26ni4=2Þ;
i ¼ 1; 2; 3; 4 ð4:10Þands11 ¼ ðA16r11 þ A12r21  B11r31  B16r41=2Þ  A11D;
s14 ¼ ðA16r14 þ A12r24  B11r34  B16r44=2Þ  B12D;
s44 ¼ ðB62r14 þ B22r24 þ D12r34 þ D26r44=2Þ þ D22D:
ð4:11ÞBy substituting (4.7) into (4.2), (4.3) and (4.5), the wave speed dependent common factor ð1þ YD11Þ can be
simply eliminated, and the fundamental matrices eNt1, eNt2 and eNt3 can be ﬁnally written in a very concise form
aseNt1 ¼ eN1; eNt2 ¼ eN2 þ k2X I33; eNt3 ¼ eN3 þ X I1; ð4:12Þ
whereI33 ¼ diag 0; 0; 1; 0½ ; ð4:13Þ
and the matrices eN1, eN2 and eN3 are wave speed independent matrices given by
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r11 D 0 r14
r21 0 0 r

24
r31 0 0 r

34
r41 0 D
 r44
266664
377775; eN2 ¼ 1D
n11 n

12 n

13 n

14
n12 n

22 n

23 n

24
n13 n

23 n

33 n

34
n14 n

24 n

34 n

44
266664
377775; eN3 ¼ 1D
s11 0 0 s

14
0 0 0 0
0 0 0 0
s14 0 0 s

44
266664
377775;
ð4:14Þwhich can also be expressed in terms of the wave speed independent basic matrices eQ, eR and eT aseN1 ¼ eT1 eRT; eN2 ¼ eT1; eN3 ¼ eReT1 eRT  eQ: ð4:15Þ
The matrices eQ, eR and eT are the same as those given in (4.1) simply by setting the wave speed dependent
parameter Y = 0, i.e. eQ ¼ eQtjY¼0, etc. The matrices eNi in (4.14) or (4.15) are the same as the fundamental
material matrices of the mixed Stroh-like formalism for static anisotropic thin plates (Hsieh and Hwu, 2003).
It is noted from (4.12)2 and (4.15)2 that ðeTtÞ1 ¼ eNt2 ¼ eT1 þ k2X I33. Since eT1 exists for the static prob-
lems, the inverse of eTt thus also exists for the wave problems. It is shown that the matrix eTt is invertible, and
the present derivation is feasible.
As soon as the matrices eNt1, eNt2 and eNt3 are known, the fundamental matrices Nt1, Nt2 and Nt3 for the dis-
placement formulation can be determined from (3.27). They are obtained asNt1 ¼ N1; Nt2 ¼ N2; Nt3 ¼ N3 þ X I^; ð4:16Þ
whereI^ ¼ I1 þ k2I33 ¼ diag 1; 1; k2; 0
  ð4:17Þand N1, N2 and N3 are the wave speed independent matrices given byN1 ¼ 1D
r11 D n13 n14
r21 0 n

23 n

24
0 0 0 D
s14 0 r

34 r

44
26664
37775; N2 ¼ 1D
n11 n

12 0 r

14
n12 n

22 0 r

24
0 0 0 0
r14 r

24 0 s

44
26664
37775; N3 ¼ 1D
s11 0 r

31 r

41
0 0 0 0
r31 0 n

33 n

34
r41 0 n

34 n

44
26664
37775;
ð4:18Þand N2 and N3 are symmetric. The matrices Ni in (4.18) are the same as the fundamental material matrices of
the displacement Stroh-like formalisms for static anisotropic thin plates in literature (see, for example, Hsieh
and Hwu, 2003).
With the relations (4.12) and (4.16), the fundamental matrices (3.20)1 for the hybrid eigenrelation and (3.24)
for the displacement eigenrelation of the steady edge waves of anisotropic thin plates can be expressed in the
following form as:eNt ¼ eN1 eN2 þ k2X I33eN3 þ X I1 eNT1
" #
ð4:19ÞandNt ¼ N1 N2
N3 þ XbI NT1
 
: ð4:20ÞIt can be seen that the matrix (4.20) has a very similar structure to that of the fundamental matrix of the
Stroh formalism for surface waves of plane strain problems, i.e. only sub-matrix Nt3 is dependent on the wave
speed parameter. Therefore, most of orthogonality and closure relations for plane strain surface wave prob-
lems presented in Ting (1996) can be simply extended to the present ones.
Comparing with the formulations established by Fu and Brookes (2006), which were derived based on
displacement based method, the present formalisms are derived using some diﬀerent procedures. Firstly,
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isfy a pair of in-plane equations of motion (2.6)1 and two compatibility relations (2.5), which group Nab and
#a,b naturally. Therefore, the basic matrices Q
t
ab, R
t
ab, and T
t
ab in (3.11) or the matrices
eQt, eRt and eTt in (4.1)
can be obtained normally, and the compact form of the eigenequations with the structures and properties sim-
ilar to those of Stroh formalism for plane strain problems can be retained. Secondly, the stress resultant func-
tions /a and the bending moment functions wa in the present formulations are introduced in connection with
the extended stress resultants and bending moments (2.9) to satisfy the nominal static equilibrium equations
(2.8). With this treatment, the wave speed related parts in the fundamental matrices can be successfully split
up and are expressed in a very simple form as shown in (4.12) and (4.16).
5. Some properties of edge waves
Fu and Brookes (2006) have shown that a general anisotropic plate can support at most two subsonic edge
waves. In this section, the existence conditions for one or two subsonic edge waves are discussed based on the
impedance matrix M deﬁned in (3.34).
Some important properties of the impedance matrixM have been discussed in Fu and Brookes (2006), and
are listed here for reference.
(i) The impedance matrixM is Hermitian, and is positive deﬁnite in 0 6 t < t^, or in other words wTMw > 0
for any non-zero real vector w.
(ii) The eigenvalues ofM are originally positive at t = 0, and are monotonic decreasing functions of velocity
in 0 < t 6 t^. Therefore, at certain values of 0 < t < t^, say tE, one or two of the eigenvalues may vanish
and remain negative in tE < t 6 t^.
(iii) detM(t) = 0 cannot have more than two roots in 0 < t < t^. Otherwise, the property (i) would be violated.
In addition to the above properties, we can also show that
(iv) All four eigenvectors of the matrix M cannot be strictly positive in 0 < t 6 t^.
If it is not true, the properties (i) and (ii) would require that all four eigenvalues ki of M are positive in
0 6 t 6 t^, so that at t ¼ t^ for all non-zero real vectors w,wTMw ¼
X4
i¼1
kijwTeij2 > 0; at t ¼ t^; ð5:1Þwhere ei (i = 1, . . . , 4) are a set of associated orthonormal eigenvectors to ki. On the other hand, the non-zero
real vector w in (5.1) can be chosen to be w = aL, where aL is the real polarization vector of one of limiting
waves emerging at t ¼ t^. It has been shown (Lothe and Barnett, 1976; Chadwick and Smith, 1977; Barnett
and Lothe, 1985; Ting, 1996) that aTLbL ¼ 0 at t ¼ t^, where bL is the stress vector corresponding to aL, which
can be determined from (3.22) and (3.32) at the limiting wave speed t ¼ t^. The relation can be further written
based on the impedance matrix asaTLMaL ¼ 0; at t ¼ t^: ð5:2ÞIt can be seen that by choosingw = aL, (5.1) violates (5.2). The contradictionmeans that the property (iv) is true.
The properties (i) to (iv) allow us to deduce that in 0 6 t 6 t^, the four eigenvalues ki ofM vary with velocity
in one of the possible ways illustrated in Fig. 1. It is seen from Fig. 1 that cases (a)–(d) show the possible two
edge wave states, cases (e)–(g) show the possible one edge wave states, and cases (h)–(j) show the possible
states without any subsonic edge waves.
From Fig. 1 the existence conditions of the subsonic edge waves can be discussed as follows. Let k^i be the
four eigenvalues of M at t ¼ t^. Deﬁnec^1 ¼ k^1 þ k^2 þ k^3 þ k^4 ¼ trMðt^Þ; c^2 ¼ k^1k^2 þ k^2k^3 þ k^3k^4 þ k^4k^1;
c^3 ¼ k^1k^2k^3 þ k^2k^3k^4 þ k^3k^4k^1 þ k^4k^1k^2; c^4 ¼ k^1k^2k^3k^4 ¼ detMðt^Þ:
ð5:3Þ
2λ
3λ
4λ
iλ
0
1λ
υˆ
2λ
3λ
4λ
iλ
0
1λ
υˆ
2λ
3λ
4λ
iλ
0
1λ
υˆ
2λ
3λ
4λ
iλ
0
1λ
υˆ
2λ
3λ
4λ
iλ
0
1λ
υˆ
2λ
3λ
4λ
iλ
0
1λ
υˆ
2λ
3λ
4λ
iλ
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1λ
υˆ
2λ
3λ
4λ
iλ
0
1λ
υˆ
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4λ
iλ
0
1λ
υˆ
2λ
3λ
4λ
iλ
0
1λ
υˆ
Fig. 1. The possible variations of eigenvalues of M with velocity in 0 6 t 6 t^. Cases (a)–(d), two edge wave states; cases (e)–(g), one edge
wave states; and cases (h)–(j), the states without subsonic edge waves.
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c^4 ¼ c^3 ¼ 0 and c^2 < 0 for caseðeÞ;
ð5:4Þthe conditions for the existence of two subsonic edge waves are described asc^4 > 0 for casesðaÞ–ðcÞ; or
c^4 ¼ 0 and c^3 > 0 with the signs of c^2 and c^1 uncertain for caseðdÞ;
ð5:5Þand the conditions without subsonic edge waves can be described asc^4 ¼ 0 and c^3; c^2; c^1 > 0 for caseðhÞ; or
c^4 ¼ c^3 ¼ 0 and c^2; c^1 > 0 for caseðiÞ; or
c^4 ¼ c^3 ¼ c^2 ¼ 0 and c^1 > 0 for caseðjÞ:
ð5:6ÞIt is seen from (5.4)–(5.6) that case (d) in Fig. 1 cannot be uniquely determined by c^i, which might be confused
with case (h).
It is deﬁned that the transonic states are normal for the cases c^4 ¼ detMðt^Þ 6¼ 0. It is found that one or two
subsonic edge waves always exist if the transonic states are normal, which can be distinguished, respectively,
by the sign of c^4. However, case (b) is exceptional, which has two equal roots at a velocity t < t^. It could be
regarded as degenerated two edge waves. If the transonic states are exceptional, one always has c^4 ¼ 0, and
extra conditions are required to predict whether one, two, or no subsonic edge waves exist.
The classiﬁcations of edge waves can also be discussed following the methods presented in Ting and Barnett
(1997).
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Although the edge wave speeds can be calculated from the secular (3.37), the expressions of this secular
equation involve the computations of the eigenvalues lk and associated eigenvectors, which depend on the
wave speeds. Therefore, it is an implicit secular equation, in which the wave speeds can be determined only
by numerical means. It is not only time-consuming, but is also dependent on the eﬃciency of the numerical
methods used. Therefore, it is very necessary to obtain explicit secular equations, which by passes the ﬁnding
of the eigenvalues and the associated eigenvectors. Fu and Brookes (2006) suggested a strategy to calculate
edge wave speeds without solving the eigenvalue problem based on the impedance matrix. In this section,
an alterative approach for obtaining explicit secular equations based on the fundamental matrices Nti in
(4.16)–(4.18) and polarization vector is presented. This method was introduced by Currie (1979), and reﬁned
by Taziev (1989) and Ting (2004a). The general formulations and strategies of the method for the edge wave
problems are given below.
At the free edge x2 = 0, (3.33)1 givesw ¼ aEeikðx1ttÞ; aE ¼ Aq; ð6:1Þ
where aE is the polarization vector of the edge waves at the free edge. The eigenrelation (3.22) consists of
two sets of equations. With the fundamental matrix given in (4.20), the second set of the equations can be
written asðN3 þ XbIÞaþNT1 b ¼ lb: ð6:2Þ
A linear superposition of four equations obtained from (6.2) with lk (k = 1,2,3,4) leads toðN3 þ XbIÞAqþNT1Bq ¼ Bhliq: ð6:3Þ
Pre-multiplying (6.3) by qTAT and using the orthogonality relation BTAþ ATB ¼ 0 (Ting, 1996), (6.1)2, and
(3.34), we obtain the relationaTEðN3 þ XbIÞaE ¼ 0: ð6:4Þ
Eq. (6.4) can be generalized. First we can generalize the eigenrelation (3.22) asðNtÞnn ¼ lnn; ð6:5Þ
where n is any positive- or negative-integer. The matrix (Nt)n can be expressed by sub-matrix form asðNtÞn ¼ N
ðnÞ
1 N
ðnÞ
2
KðnÞ NðnÞT1
" #
: ð6:6ÞFor n = 1, it is just the matrix deﬁned in (4.20), andN
ð1Þ
1 ¼ N1; Nð1Þ2 ¼ N2; Kð1Þ ¼ N3 þ X I^: ð6:7ÞFor n = 1, it is the inverse of the fundamental matrix, i.e. (Nt)1. The matrices Nð1Þ1 , Nð1Þ2 , and K(1) are
given byN
ð1Þ
1 ¼ ½N1 N2ðNT1 Þ1ðN3 þ XbIÞ1; Nð1Þ2 ¼ N11 N2Nð1ÞT1 ; Kð1Þ ¼ ½N2 N1ðN3 þ XbIÞ1NT1 1:
ð6:8Þ
It can be veriﬁed that K(1) and Nð1Þ2 are also symmetric.
By the Cayley–Hamilton theory a matrix satisﬁes its own characteristic equation. Since Nt is a 8 · 8 matrix,
only seven of (Nt)n are independent. Other (Nt)n can be expressed in terms of the seven (Nt)n. Therefore, it is
suﬃcient to consider Nt for seven diﬀerent n. The eigenrelation (6.5) also can be expressed in two sets of equa-
tions. The second set of the equations can be written asKðnÞaþNðnÞT1 b ¼ lnb: ð6:9Þ
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ðnÞaE ¼ 0: ð6:10ÞIt can be seen that Eq. (6.4) is a special case of the general relation (6.10) for n = 1.
Since (Nt)n±1 = (Nt)n(Nt)±1 = (Nt)±1(Nt)n, the following recursive relations can be easily established (Ting,
2004a):N
ðn1Þ
1 ¼ NðnÞ1 Nð1Þ1 þNðnÞ2 Kð1Þ ¼ Nð1Þ1 NðnÞ1 þNð1Þ2 KðnÞ;
N
ðn1Þ
2 ¼ NðnÞ1 Nð1Þ2 þNðnÞ2 Nð1Þ
T
1 ¼ Nð1Þ1 NðnÞ2 þNð1Þ2 Nð1Þ
T
1 ;
Kðn1Þ ¼ KðnÞNð1Þ1 þNðnÞ
T
1 K
ð1Þ ¼ Kð1ÞNðnÞ1 þNð1Þ
T
1 K
ðnÞ;
ð6:11Þfrom which the 4 · 4 matrix K(n) in (6.10) can be determined. It can be veriﬁed that K(n) and NðnÞ2 are symmetric
for all n.
The general form of the four order polarization vector aE can be expressed asaE ¼ ½ 1; a; b; c T; ð6:12Þwhere a, b, and c are complex values. Eq. (6.10) thus can be written asKðnÞ11 þ KðnÞ22 aaþ KðnÞ33 bbþ KðnÞ44 ccþ KðnÞ12 ðaþ aÞ þ KðnÞ13 ðbþ bÞ þ KðnÞ14 ðcþ cÞ þ KðnÞ23 ðabþ abÞ
þ KðnÞ24 ðacþ acÞ þ KðnÞ34 ðbcþ bcÞ ¼ 0: ð6:13ÞBy setting n = 1,2, . . . , 7 or any other seven positive/negative integers, (6.13) provide seven independent equa-
tions. In principle, the six unknowns of a, b, c and their respective conjugates can be solved from six of the
equations. By inserting the results into the seventh equation, the explicit secular equation thus can be ob-
tained. It is the general procedure of this method for ﬁnding edge-wave speeds.
To formalize the expressions of the method, we deﬁnef1 ¼ aþ a; f 2 ¼ aa; f 3 ¼ bþ b; f 4 ¼ bb; f 5 ¼ cþ c; f 6 ¼ cc; f 7 ¼ abþ ab;
f 8 ¼ acþ ac; f 9 ¼ bcþ bc: ð6:14ÞIt is noted that only six of fi (i = 1,2, . . . , 9) in (6.14) are independent. If fi (i = 1,2, . . . , 6) are chosen to be inde-
pendent, f7 to f9 can be determined, respectively, from the relationsf 21 f4 þ f 23 f2 þ f 27  f1f3f7  4f 2f4 ¼ 0; ð6:15aÞ
f 21 f6 þ f 25 f2 þ f 28  f1f5f8  4f 2f6 ¼ 0; ð6:15bÞandf 24 f5 þ f 23 f6 þ f 29  f9f3f5  4f 4f6 ¼ 0: ð6:15cÞWith (6.14), the seven equations of (6.13) for, say, n = 1,2, . . . , 7 can be written in vector notation ask0 þ k1f1 þ k2f2 þ k3f3 þ k4f4 þ k5f5 þ k6f6 þ k7f7 þ k8f8 þ k9f9 ¼ 0; ð6:16Þwhere k0–k9 are all seven order vectors with the elements given byðk0Þi ¼ KðiÞ11 ; ðk1Þi ¼ KðiÞ12 ; ðk2Þi ¼ KðiÞ22 ; ðk3Þi ¼ KðiÞ13 ; ðk4Þi ¼ KðiÞ33 ;
ðk5Þi ¼ KðiÞ14 ; ðk6Þi ¼ KðiÞ44 ; ðk7Þi ¼ KðiÞ23 ; ðk8Þi ¼ KðiÞ24 ; ðk9Þi ¼ KðiÞ34 :
ð6:17Þ
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The solutions for f1–f7 in the above equations can be obtained asf1 ¼ D1=0D 
D1=8
D
f8  D1=9D f9; f 2 ¼ 
D2=0
D
 D2=8
D
f8  D2=9D f9;
f 3 ¼ 
D3=0
D
 D3=8
D
f8  D3=9D f9; f 4 ¼ 
D4=0
D
 D4=8
D
f8  D4=9D f9;
f 5 ¼ 
D5=0
D
 D5=8
D
f8  D5=9D f9; f 6 ¼ 
D6=0
D
 D6=8
D
f8  D6=9D f9;
f 7 ¼ 
D7=0
D
 D7=8
D
f8  D7=9D f9; ð6:19Þin which D is the determinant of the 7 · 7 coeﬃcient matrix in the left hand side of the equations in (6.18), and
Di/m are the determinants of the matrix obtained by replacing the ith column, i.e. ki, of the coeﬃcient matrix
with the vector km. For example, D4=8 ¼ det½ k1 k2 k3 k8 k5 k6 k7 .
The unknowns f1–f9 can thus be determined from nine equations (6.15b), (6.15c) and (6.19). The results are
then inserted into Eq. (6.15a) to give the required secular equation.
For some material properties, the structures of the polarization vector aE have simpler forms. It will reduce
the number of unknowns in (6.12) and greatly simplify the procedure to obtain the explicit secular equations.
7. Concluding remarks
The present work is an attempt to extend the well used methods and techniques of Stroh formalism for
Rayleigh surface waves (Chadwick and Smith, 1977; Barnett and Lothe, 1985; Ting, 1996) to the problems
of edge waves in unsymmetrical anisotropic plates. For this purpose, an improved Stroh-type formalism
for the edge waves with more concise structures and elegant properties has been derived ﬁrst, and the explicit
expressions of the fundamental matrices for the formalism have then been presented. Since the formalism pre-
sented in this paper resemble the Stroh formalism for Rayleigh surface waves, many reported techniques for
the analysis of Rayleigh surface waves with Stroh formalism can be extended to the present formalism for the
studies of the edge wave problems. With the properties of the impedance matrix for the edge waves, the exis-
tence conditions for one or two subsonic edge waves in the unsymmetrical anisotropic plate have been dis-
cussed and presented. A method to determine the explicit secular equation for general anisotropic plates
based on the fundamental matrices obtained has been suggested. The present work can be regarded as an
extension of the work by Fu and Brookes (2006).
Appendix A
The matrices Ae, Bc and Db in (2.1) are deﬁned byAe ¼
A11 A12 A16
A12 A22 A26
A16 A26 A66
264
375; Bc ¼ B11 B12 B16B12 B22 B26
B16 B26 B66
264
375; Db ¼ D11 D12 D16D12 D22 D26
D16 D26 D66
264
375: ðA:1ÞThe matrices A*, B*, and D* in (3.1) are given byA ¼
A11 A

12 A

16
A12 A

22 A

26
A16 A

26 A

66
24 35  Ae  BcD1b Bc; D ¼ D

11 D

12 D

16
D12 D

22 D

26
D16 D

26 D

66
24 35  D1b ;
B ¼
B11 B

12 B

16
B21 B

22 B

26
B61 B

62 B

66
24 35  BcD1b ; BT ¼ ðBcD1b ÞT ¼ D1b Bc;
ðA:2Þ
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1
D
ðD22D66  D226Þ; D12 ¼
1
D
ðD16D26  D12D66Þ;
D22 ¼
1
D
ðD11D66  D216Þ; D16 ¼
1
D
ðD12D26  D22D16Þ;
D66 ¼
1
D
ðD11D22  D212Þ; D26 ¼
1
D
ðD12D16  D11D26Þ;
D ¼ D11D22D66 þ 2D12D16D26  D11D226  D22D216  D66D212;
ðA:3Þthe element of the matrix B* are given byB11 ¼ B11D11 þ B12D12 þ B16D16; B12 ¼ B11D12 þ B12D22 þ B16D26;
B16 ¼ B11D16 þ B12D26 þ B16D66; B21 ¼ B12D11 þ B22D12 þ B26D16;
B22 ¼ B12D12 þ B22D22 þ B26D26; B26 ¼ B12D16 þ B22D26 þ B26D66;
B61 ¼ B16D11 þ B26D12 þ B66D16; B62 ¼ B16D12 þ B26D22 þ B66D26;
B66 ¼ B16D16 þ B26D26 þ B66D66;
ðA:4Þin which Dij are given by (A.3), and the elements of the matrix A
* are given byA11 ¼ A11  ðB11B11 þ B12B12 þ B16B16Þ; A12 ¼ A12  ðB11B12 þ B12B22 þ B16B26Þ;
A22 ¼ A22  ðB21B12 þ B22B22 þ B26B26Þ; A16 ¼ A16  ðB11B16 þ B12B26 þ B16B66Þ;
A66 ¼ A66  ðB61B16 þ B62B26 þ B66B66Þ; A26 ¼ A26  ðB21B16 þ B22B26 þ B26B66Þ;
ðA:5Þwhere Bij are given by (A.4).
The values Dt and ntij in the matrix (4.2) are given byDt ¼
At22 A
t
26 B
t
21 B
t
26
At26 A
t
66 B
t
61 B
t
66
Bt21 Bt61 Dt11 Dt16
Bt26 Bt66 Dt16 Dt66

 ðA:6Þ
andnt11 ¼
At22 B
t
21 B
t
26
Bt21 Dt11 Dt16
Bt26 Dt16 Dt66

; nt12 ¼ 
At26 B
t
21 B
t
26
Bt61 Dt11 Dt16
Bt66 Dt16 Dt66

; nt13 ¼
At22 A
t
26 B
t
26
Bt21 Bt61 Dt16
Bt26 Bt66 Dt66

;
nt14 ¼ 2
At22 A
t
26 B
t
21
Bt21 Bt61 Dt11
Bt26 Bt66 Dt16

; nt22 ¼
At66 B
t
61 B
t
66
Bt61 Dt11 Dt16
Bt66 Dt16 Dt66

; nt23 ¼ 
At26 A
t
66 B
t
66
Bt21 Bt61 Dt16
Bt26 Bt66 Dt66

;
nt24 ¼ 2
At26 A
t
66 B
t
61
Bt21 Bt61 Dt11
Bt26 Bt66 Dt16

; nt33 ¼ 
At22 A
t
26 B
t
26
At26 A
t
66 B
t
66
Bt26 Bt66 Dt66

; nt34 ¼ 2
At22 A
t
26 B
t
21
At26 A
t
66 B
t
61
Bt26 Bt66 Dt16

;
nt44 ¼ 4
At22 A
t
26 B
t
21
At26 A
t
66 B
t
61
Bt21 Bt61 Dt11

: ðA:7ÞAppendix B
From (2.9), we have thatN a2 ¼ bN a2; Ma2 ¼ bM a2: ðB:1Þ
2208 P. Lu et al. / International Journal of Solids and Structures 44 (2007) 2192–2208With the relations (2.12)2, the boundary conditions (2.10)1 can be written asN a2 ¼ bN a2 ¼ /a;1 ¼ 0; or N 12 N 22f gT ¼ /;1 ¼ 0: ðB:2Þ
On the other hand, with the relations (2.13), the transverse shearing force V2 in (2.10)3 can be written asV 2 ¼ 2M12;1 þM22;1 ¼ w1;11: ðB:3Þ
Therefore, the boundary conditions M22 = V2 = 0 in (2.10) are equivalent tow;1 ¼ 0: ðB:4Þ
According to (3.31)2, the free-edge conditions (B.2) and (B.4) can be written in compact form asu;1 ¼ 0; or u ¼ 0: ðB:5ÞReferences
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